We investigate topological superfluids in a coupled layer system, in which transitions between different topological superfluids can be realized by controlling the binding energy, interlayer tunneling and layer asymmetry etc. These topological transitions are characterized by energy gap closing and reopening at the critical points at zero momentum where the Chern number and sign of Pfaffian undergo a discontinuous change. In a hard wall boundary the bulk-edge correspondence ensures that the number of edge modes exactly equals the Chern number, whereas all the edge modes localized at the same edge propagate along the same direction. However, in a trapped potential these edge modes are spatially localized at the interfaces between different topological superfluids, where the number of edge modes exactly equals the Chern number difference between the left and right interface. These topological phases can be detected by spin texture at or near zero momentum, which changes discretely across the phase transition points due to band inversion. The model can be easily generalized to multilayer system in which the Chern number can equal any positive integer. These large Chern number topological superfluids provide fertile grounds for exploring new quantum matters in context of ultracold atoms.
The experimental realization of spin-orbit coupling (SOC) in ultracold atoms [1] [2] [3] [4] [5] [6] [7] [8] , see also a recent review article [9] , opens a totally new arena for exploring exotic topological Bardeen-Cooper-Schrieffer (BCS) and FuldeFerrell-Larkin-Ovchinnikov (FFLO) [10, 11] superfluids in the context of ultracold atoms [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . The underlying idea is that when the chemical potential just fills one band, the effective pairing at this band should be pwave type due to the momentum dependent spin polarization induced by SOC and Zeeman field. Notice that the p-wave pairing is a basic prototype for topological superconductors [32] [33] [34] [35] , thus topological superfluids can be expected in this new platform. The topological phase can be realized when Γ 2 > µ 2 + ∆ 2 , where Γ, µ and ∆ are the corresponding Zeeman splitting, chemical potential and order parameter respectively. Since the pairing takes place at the lower band, it can survive even when the Zeeman field is much larger than the order parameter strength -a typical example to go beyond the ClogstonChandrasekhar limit [36, 37] in the s-wave pairing system. This system belongs to topological class D and is characterized by topological invariant Z [38, 39] ; however the Chern number in this model at most equals one, thus only one topological phase with Chern number C = 1 can be realized. The counterpart condition is totally different in condensed matter physics such as integer quantum Hall state [40] , quantum anomalous Hall model [41] , Haldane model [42] , stacked graphene [43] and 3 He film [44] , where Chern number greater than one can be easily realized.
In this Letter we show that large Chern number topological superfluids can be realized in a coupled layer system. We utilize a bilayer system to illustrate the major idea via self-consistent calculation. In this model the phase transitions between different topological superfluids can be realized by controlling the binding energy, interlayer tunneling and layer asymmetry etc. These topological transitions are characterized by energy gap closing and reopening at the critical points at zero momentum where the Chern number and sign of Pfaffian undergo a discontinuous change. In a hard wall boundary the bulk-edge correspondence ensures that the number of edge modes exactly equals the Chern number, whereas all the edge modes localized at the same edge propagate along the same direction. However, in a trapped potential these edge modes are spatially localized at the interfaces between different topological superfluids, where the number of edge modes exactly equals the Chern number difference between the left and right interface. These topological phases can be detected by spin texture at or near zero momentum, which also changes discretely across the critical points due to band inversion. The model can be easily generalized to multilayer system in which the Chern number can equal any positive integer. These large Chern number topological superfluids provide fertile grounds for exploring new quantum matters in context of ultracold atoms.
Theoretical model. We first consider a spin-orbit coupled bilayer system, which can be described by [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] ,
where we have assumed that the two layers (i = 1, 2) have the same SOC strength α and ǫ
2m − µ i . Hereafter we let µ 1 = µ and µ 2 = µ + δµ, where δµ controls the asymmetry of the bilayer system. c † kis is the creation operator for the fermion particle with momentum k = (k x , k y ) and spin s =↑, ↓ and t is the spin independent tunneling between the two layers. The tunneling and asymme-try -two major new parameters in our model -can be controlled by the laser fields along the perpendicular (z) direction in experiments. The last term represents the many-body interaction and can be formulated as gδ(r − r ′ ). Notice that the overlap between the wavefunctions of the two layers are suppressed by the barrier between them, we can safely neglect the interlayer pairings. In this sense, only the intralayer pairings are important. We assume that the two layers have the pairings ∆ i = g k c ki↑ c −ki↓ . After the standard mean field treatment, we obtain the following Bogoliubov-de Gennes (BdG) equation 
where
Here we have chosen the Nambu basis Ψ = (Ψ k1 , Ψ k2 ) T , where Ψ ki = (c ki↑ , c ki↓ , c † −ki↑ , c † −ki↓ ). The corresponding thermodynamic potential of this model can be written as
where in the first term sum over all occupied bands (eigenvalues E nk < 0) is assumed. Notice that the divergence of the thermodynamic potential need to be regularized using g [15, 26, 45] , thus the binding energy ε b serves as the major parameter to control the many-body interaction strength.
The minimization of the thermodynamic potential directly determines all the roperties of the ground state, that is, we have several equation sets -total number equation ∂Ω/∂µ = −n and order parameter equations ∂Ω/∂∆ i = 0. In the following we numerically solve these equations self-consistently. We define the Fermi momentum k F = √ nπ and the Fermi energy E F = k 2 F /2m, which are used to rescale the momentum and energy respectively during the numerical simulation. Notice that ∆ 1 and ∆ 2 are complex numbers in principle, however, in our model, these two parameters have the same global phase, thus can be treated as real numbers simultaneously-this point has been verified in all our numerical calculations. It can also be understood from two basic facts. The single particle bands have inversion symmetry, that is, the quantum state with momenta ±k have the same energy, thus we have uniform pairing. Moreover, the tunneling term can have minimal energy when these two order parameters have the same phase. This is also true in multilayer system when t > 0. BEC-BCS crossover. We first show how binding energy, interlayer tunneling and bilayer asymmetry affect the order parameters and chemical potential. For other parameters -SOC strength, Zeeman field etc-we have not observed qualitatively difference other than that reported in literatures [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . In Fig. 1 (a) , we show the evolution of order parameters and chemical potential as a function of binding energy ε b . The chemical potential will change linearly with respect to binding energy when ε b dominates in the Bose-Einstein condensation (BEC) regime. The difference between the two order parameters will be increased by the binding energy, which equivalently enhances the asymmetry effect. In Fig. 1 (b) we show an almost opposite effect to the order parameter from the interlayer tunneling, which tends to make the two layers have the same occupation thus weaken the asymmetry effect. In Fig. 1 (c) we plot the effect of asymmetry on chemical potential and order parameters while the corresponding occupations in each layer are plotted in Fig. 1 (d) . As the increases of asymmetry, the cold atoms tend to populate in the layer with relative smaller chemical potential, thus we see that the order parameter and number of particle in this layer will first increase linearly and finally saturate while in the other layer these values will gradually approach zero. Since we are focusing on the physics at zero temperature, all the order parameters will never become zero -this is not true at finite temperature [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . These features are essential to realize phase transitions between different topological superfluids; see below.
Phase diagram and topological phase transition. The particle-hole symmetry is defined as Σ = ΛK where Λ = ρ 0 ⊗τ x ⊗σ 0 , with ρ 0 , τ x and σ 0 are the Pauli matrices act on bilayer space, particle-hole space and spin space, respectively and K is the complex conjugate operator. We can easily verify that Σ 2 = 1, and ΣH 8×8 (k)Σ † = −H 8×8 (−k). This is the only symmetry in our model thus the system belongs to topological class D with topological invariant Z in 2D [38, 39] . We utilize three different methods to identify the topological nature of the ground state. First, we can define a function W (k) = H 8×8 (k)Λ [33, 46] ; following the basic definition of Σ, we have
which is a real skew matrix. In this case, the sign of Pfaffian is defined as ν = sign(Pf(W (0))). Here ν is a topological protected number because Pf(W ) = ± Det(H(0)), which means that ν will never change sign upon deformation as long as the energy gap is not closed. In previous proposals, ν = −1(+1) corresponds to the topological nontrivial (trivial) phase, respectively [33, 46] . However, in our model, the sign of Pfaffian loses this meaning. In order to determine the topological invariant, we then proceed to calculate the Chern number of all the occupied bands using C = n<0 C n [47, 48] , where
The calculated results using these two criteria are presented in Fig. 2 . These two definitions are consistent in the classification of topological phases in this model, that is, both topological invariants will undergo a discontinuous change across the critical boundaries.
To understand these results, we can calculate the energy gap at zero momentum. We find that the energy gap closing and reopening is determined by
2 ). When t = 0 the above result reduces to ∆
2 , which is a standard result in literatures [12, 15, 49, 50] . This result clearly indicates that the tunneling t and asymmetry δµ directly enter the topological boundaries. We have verified that all the topological boundaries are indeed determined by the above equation. Furthermore we have verified that all the bands are fully gapped when Eq. 3 is not fulfilled. In fact a finite Zeeman splitting is required to drive the topological phase transitions [51] . Edge state and spin texture. We then discuss the bulk-edge correspondence in this model. We consider a strip geometry along x direction with width L = 200/k F using a hard wall boundary. We expand the wavefunction using the plane waves, that is, ψ(k y ) = n<Nc c n e ikyy sin(nπx/L), where N c = 200 is a basis cutoff [52, 53] . The calculated results are presented in Fig. 3 . We find that in all our calculations the number of edge modes exactly equals the Chern number C, thus we have the bulk-edge correspondence. In Fig. 3 (a) , we see that the two edge modes have linear dispersion at small k y , but with different velocities. These chiral edge modes can be described by H = i,ky v i k y η † iky η iky [54] . The corresponding wavefunctions of the edge modes at k y = ±0.25k F are presented in Fig. 3 (c) , in which we find that these two edge modes localized at the same edge propagate along the same direction (see inset of Fig. 3 (c) ) -this result is in stark contrast to the solid system with time-reversal symmetry where the two edge modes localized at the same edge have opposite spin and counter propagate [54] [55] [56] . We also calculate the velocities of the edge modes as a function of asymmetry. When δµ < 0.52E F , one of the velocities increases almost linearly while the other mode decreases monotonically with respect to δµ. When 2.14E F > δµ > 0.52E F , the edge mode with relative larger velocity disappears and only one edge mode exists since C = 1. Strikingly, the evolution of this velocity is a smooth function across the topological boundary; see Fig. 3 (d) . In the trivial phase regime (δµ > 2.14E F ), no edge mode exists. In experiments for a typical 40 K ( 6 Li) atoms with density n = 3.0 × 10 8 /cm 2 [57-59], we estimate E F = 1.2 (8.0) kHz, k F /m = 4.8 (32.0) mm/s, thus both v 1 and v 2 should be around 3.0 (20.0) mm/s. These gapless modes are protected by a gap about 0.6E F . These phases can be observed in the BEC-BCS crossover regime [60] [61] [62] with ln k F a 2D ∼ 0, where a 2D is the 2D scattering length. This is the third method to identify the bulk topology.
The stability of Majorana fermions (MFs) at k y = 0 is essential to understand the robustness of the edge modes. The MFs at the same edge carry a definite chirality defined as Σ † ψ nky=0 = ±ψ nky=0 . This chirality prohibits the direct fusion of the MFs. Consider a potential V d , which satisfies
, where i = j, thus direct coupling between any two MFs with the same chirality is forbidden. The edge states are robust in this sense. However, the condition is totally different in a trapped potential, see Fig. 3 (e) , where edge states are spatially localized at the interface between two different topological superfluids. The direct fusion of MFs can occur due to their opposite chiralities, thus some of the edge modes will be gapped out by direct coupling. The remained number of edge modes equal their Chern number differencethis picture is also verified in our calculation based on local density approximation. This is a generalized bulkedge correspondence for large Chern number topological superfluids in a trapped potential. These edge modes, which can be accessed individually in experiments, provide important ground for measuring the local topology invariant of the superfluids.
The spin texture can be used to identify the topology of the ground state [62, 63] due to band inversion; see Fig. 4 (a) . In solid materials, the band inversion changes the symmetry of conduction and valance bands [64, 65] , while in our model, the band inversion interchanges the spin polarization of the two touched bands. Across the critical point the energy gap first closes and then reopens, however, the spin texture will change discretely. A similar feature can be observed at small momentum, see the curve S z (0.05) in Fig. 4 . This local spin texture at or near zero momentum therefore can be used to identify the topological phase transitions. To be more specific, we also calculate the total population imbalance across the critical point, which show that S z is a smooth function. This spin texture can be directly obtained from the time-of-flight imaging in experiments [66] [67] [68] .
Large Chern number generation. This idea can be straightforwardly generalized to multilayer system, in which the topological invariant C equals any positive integer can be realized due to the additivity of the invariant in topological class D. The largest Chern number equals N C 0 , where N is the number of coupled layers and C 0 is the Chern number in a single uncoupled layer (here C 0 = 1). Topological transitions between any two distinct topological phases can be realized by carefully engineering the system parameters. In this generation, several basic issues need to be remarked. (I) These basic observations will not be spoiled by the interlayer pairings, which are allowed in principle due to the weak wavefunction overlaps along the z direction. As a proof-in-principle examination, we can include two arbitrary weak pairing terms ∆
, where g ′ ≪ g, into H 8×8 ; we have verified that similar topological phases and associated edge states can still be observed. (II) In the weak tunneling regime the Chern number C can be treated as a sum of all Chern numbers in each sublayer. However this simple picture is not true in the strong tunneling regime. We illustrate this point using two counter examples. First, it is possible to realize a topological superfluids by coupling two trivial layers in the strong tunneling regime. Furthermore, if the pairing in one of the layers is very weak, we can set the order parameter in this layer to zero without hurting the topological invariant of the whole system. This is because the proximity effect between a normal layer and a superfluid layer can greatly modify the topological invariant of the whole system. Thus in the strong tunneling regime the Chern number C should be a feature of the whole coupled layer system. (III) During the topological phase transitions in multilayer system similar behavior of S z (k) in Fig. 4 can still be observed due to band inversion.
To conclude we show using self-consistent calculation that topological superfluids with large Chern number can be realized in coupled layer system with spin-orbit coupling, Zeeman field and s-wave pairing. This system admits the observation of topological phase transitions between different topological superfluids, which are characterized by Chern number and sign of Pfaffian. The edge states and spin texture across the topological boundaries also exhibit some intriguing features especially in a trapped potential. These large Chern number topological superfluids provide fertile grounds for exploring new quantum matters in context of ultracold atoms.
